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l. INTRODUCTION

If fis a function defined on |0, 1], then the Bernstein polynomial B, (/)
of f.

B0 = N UM P Putx)= ()=
k=0

converges to f{x) uniformly on [0, 1] if f is cntinuous there |1]. As to the
rate of convergence, T. Popoviciu |2| has shown that

B, (f.x) = f(x)| <G n 17, (1.2)

where w, is the modulous of continuity of f'in [0, 1]. Tt is known that (1.2)
cannot be asymptotically improved. However, 5/4 can be replaced {9] by
(8306 + 837,/6)/5832 which is best.

As for discontinuous function, Herzog and Hill. and others (|3], see also
|41), proved that if /' is bounded on [0, 1] and x is a point of discontinuity of
the first kind, then

lim B, (fox) = 3(S(x4) + S(x=)). (1.3)

In particular, if fis of bounded variation on [0, 1], then (1.3) holds for every
xin (0. 1).

In this note, we shall give an estimate for the rate of convergence of (1.3)
for functions of bounded variation in terms of the arithmetic means of the
sequence of total variations and prove that our estimate is essentially the best
possible at points of continuity. Resuits of this type for Fourier series of 27-
periodic functions of bounded variation and for Fourier—Legendre series of
functions of bounded variation were proved in |5| and |6].
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This paper is a part of the author’s Ph.D. dissertation written at the Ohio
State University under the direction of Professor R. Bojanic.

2. RESULTS

Let /'be a function defined on |0, 1]. For any fixed x € (0. I). define g_ as
follows if both f(x+) and f(x—) exist:
g =/(t) = flx+).  x<r< 1,
= 0. = X,
=f(t)— fx-) O <

g, 1s continuous at the point f=x. With this definition of g_and a simple
algebra (1.1) can be expressed as

Bn(ﬂ X) - %(f(X*}”) ‘Ff(,\*))

= B,(g ) + 3 H) = S ) [ N P — NP0

koony Ao nx

Furthermore, if we let o.(1) = sign(/ — c) then

Bn(o.\ N x) = : U,\‘(k/ﬁ) PA/I(X)

= ,\_: Pkn(x)i : le('\‘)

knx k< nx

and so

B, (fox) = 3(f(x4) + S (x—)) = B, (g, x) + (S (x+) = f(x)) B, (0. x).
(2.1)

It shows that to estimate |B (/. x)— 3(f(x+)+ f(x—))] we only have to
evaluate B, (g,.x) and B, (0.. x).
Our main result may be stated as follows:

THEOREM. Let [ be of bounded variation on |0, 1| and V'(g,) be the
total variation of g, on |a.b|. Then for every x&(0.1) and
n > (3/x(1 — x))* we have

I —xN " O ook
1B,(f) — bfrt) + Sl < S i

n ki

N 18(x(1 -;/:‘)) |flx+) — flx=). (2.2)

n
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The right-hand side of (2.2) converges to zero as n— co since continuity
of g, at x implies that

Vits(g) -0  (a.f—0+)

If /is of bounded variation on |0.1} and continuous at x then the
inequality (2.2) becomes

3()((1 —’C)) ! ”< X+ -k
TSN ey

B, (/o x) = f(x)I <

Let us now consider the function f(¢)= |t — x| (0 <x < 1) on [0, 1] We
have, for any small 4,

n k ) ‘ ‘ - |
- “—x Pk,,(x)g< A ) ——x| P (x)
Ko |1 |kin—x1<6& U\,”,”‘—” " n
<oy X (k k):P (x) (2.4)
h 0 B " 'Y .
6 iy \n k
x(l —x
<o S
and
L |
e i R R — x| P, (x)
P Kl < S
1 L ,
N\ (__’. p
- g \k,n_,ngé n '\) An(\')
x(l-x) 1 . k 2
g T A <~f P
: no g kem—xpoa W 1 Y) /\n'\Y)
Since
k 2
2 <__X) Pkn(x)
lkin—x| =6 R

(3x2(1 —x) 1

(el - x) — 6x3(1 —x)z))
n

x1 (1 =x)? 1 ‘
<) -
= onist (3+nx(1 —x))’
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it follows that

ok ;
A X ‘ Pkn(x)2
Ko

x(l—x) 7 x(1 —x)’
no 2 n'o’

(2.5)

if 1> 2/(x(1 — x)). Choose d = 2(x(1 — x)/n)""*, we obtain from (2.4) that

"ok 5 (x(l—x)n'-
Ny P ) <
k_U ! P X l\n(\)\ B nl'_
and from (2.5) that
ok Po(x(1—xn'? 7 X1l —x)
— x| P (x)>— 5 ey 7y
ol n “ o) 2 n'’ 8 nl(x(1 — x)/n)""
LLeti-a
16 nt?
Therefore. if n > 2/(x(1 — x)) then we have
I(x(l—x))'? " y | 5 (x(b -t
e N X P () e 2.6
16 n': — in Y A n'? (2.6)
On the other hand. from (2.3), since V' $(/f)=a - f, it follows that
‘ m 3(x(1 *-\') : " Xt vk
JB”(f X)*f()()}: \_ — X Pkn(x)g((—n)"- \._ V\ \] x'Z) \A(f)
ko0 ko
" - 1 n
< 3(x(l —x)) N l_
n TV k
(1 —x)) !
\«iv(—u 7,,1\&—. (2.7)
il

Hence by comparing (2.6) and (2.7) we see that (2.3) cannot be
asymptotically improved for functions of bounded variation at points of
continuity as we have mentioned before.

A more precise version of (2.6),

im ' Ny P ()= (2x( - X))

noer o n ‘

was proved in |7].
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3. PrROOF OF THE THEOREM: EVALUATION OF B (0. Xx)

The convergence of the sequence B, (o,.,x) to zero as n— oo follows
immediately from the well-known central limit theorem of probability.
However, what we are interested in here is finding an estimate for the rate of
convergence of this result. To do so, we first decompose B (o, x) into three
parts as follows:

B (0, x)=4,(x)—B,(x)+ C,(x) (3.1)
with

An(x): ‘\_‘ Pkn(x)‘

x< kinsx+n a

Bn(x) = : Pkn(x)’
X—n-ng kinax
C,(x) = (7 N ) P, (x).
v D kin<ex—n- o X+n o< kins 1

where 0 < a < 1.
The evaluation of C,(x) is relatively easy. Observe that

’ . s n‘ 1\ 2
|C”(X)| < A Pkn(x) < nee - A (— - X) le(’\‘)'
0

- L n /

|kin—x|»n «a k
Since M7 (k/n — x)* P, (x) = x(1 — x)/n it follows that

x(1 fx)< i

|C(x) <+ (3.2)"

,Il Ja X 1 2a

To evaluate 4,(x) and B, (x), we need a convenient asymptotic form for
P, (x)'s satisfying the inequality |k/n — x| < n ™~ ". Using Stirling’s formula.

n'=Q2m)"“ne "H, .

H

H":e(i,,r’llnl O < 6” < 1.

we obtain

1.2

H h
) WAH(X)HAM'

2nk(n — k)

P(x) = (

" A more precise version can be found in |8, p. 15]. But the role played by C,(x) in our
proof is not essential. (3.2) is good enough for our needs.
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where

"

W-YA(I _7 x)n A.

H ( ) Hll
AX) =
o H/\Hn A

An(Y

It is easy to see that if n > (2/(x(1 —x))"'* and |k/n —x < n “ then

‘[-[An l‘< 777777
Inx(l — x)

and

12

‘ ( 7 ) : I ) 4
— —_————— ‘r \Q\ — .
2nk(n — k) (.27”?3((1 - X) L3 2m e (] - )t

On the other hand, since (n/27k(n - k))' " W, (x)= P, (x)}/H,, Iis
uniformly bounded by 2, it follows that

‘Pkn(x) - (m)lz W, ,(x) |
. (m(:—_f))l 2 W (X)(H,, — 1)‘;

 Wial) ! (2nk(:~ k)) ’-(mx(ll “-\‘))

W, (x) ,v__.__T* — (3.3)
! 3[71}2“"(*((1—»()
if 7> (2/(x(1 —x))" and |k/n —x[<n °.
The following lemma, which gives us a precise estimation of W, (x). is the
key to the evaluation of B ,(0,. x).

P —
Inx(l — x) +

LEMMA (LAPLACE’'S FORMULA OF PROBABILITY). If 1< a <1 and n>
(3/(x(1 —x))*¥ =" then

5

Win(x) — exp [7(2x(1 —x)) 'n (—k—f X ) }

n

< 9
St Nx(l = X))’

holds uniformly for all k satifying the inequality [k/n—x{<n ¢ In
particular, W,,(x) is then bounded by 2.
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Proof of the Lemma. By Taylor’s formula for |u| < 1.

3

ut + 3wt (1 + tu)
u(l + ) 7

=
rol—  tol= role—
=
[
—
..4|IJ

O<t<l,p=1—2u(l +tm) *=1+eu, where e = —3(1 + ) . If lul <4
then |g| < 16/3 and |p| < 11/3. Similarly we can express log(l — u) as

log(1 — u) = —u — 3u’p,
with p, =14 ¢,u for some &, such that |¢,/<16/3 and |p,| < 11/3 if

1
luf < 5.
Since

—log W, (x)=klog(l+x " "(k/n—x))+ (n—k) log(1 — (1 —x) "(k/n—x))

and |x “'(k/n—x) <4 (1 —x) " "k/n—x)| <L if

3 2/3a -1
> (-x l X )
( )

Therefore

—log W, (x)
=k(x~"(k/n—x) —ix " (k/n —x)"p)

= (n—k}(1 —x)~ (k/" x)+ 3(1 =x)"2(k/n —x)’p))
= (nx + n(k/n — x))x " '(k/n — x) Ly *z(k/n#vc) p)

— (n(1 = x) — n(k/n —x))((1 —x) '(k/n— 3(1—x) " k/n—x)*p,
= n(k/n —x)*(x~'(1 ‘%P*%X”P(k/”'x))
+ (1= (1 —3p, + 31 =x) " '(k/n— x)py))
= (2x(1 —x) " 'nlk/n—x)* + nlk/n—x)(x '3 —3p — 3x " 'p(k/n — x))
+(1=x) 3= + 11 —x) 'pi(k/n—x)))
= (2x(1 — x)) " 'n(k/n — x)* + 3n(k/n — x)(—x (e +p)
+(1—x) (e +p)

and so

5

‘log Wi (x)+ 2x(1 —x)) " 'n (%~x>h ’

< 2ne N x(1 — x))*
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But if § <a <1 and n > (3/x(1 — x))*“® " then we have

| 9 P 9
jexp (2n3""(x(l —x))z) LS ma oo

/\

Hence
‘ W, (x)—exp (}(2x(1 —x) " 'n (—’]}—x) ) {

Lexp (7(2)«(1 —x) 'n (—x);)

oo () )

9
S T
(1 — x))*

The boundedness of W, (x) follows from the fact that

9
n]n l(x(l 77 x))l

if n>(3/x(1 —x))¥? . This completes the proof of the lemma.
Consequently, if 1 <a <1 and n > (3/x(1 —x))¥"* " by Laplace’s
formula and (3.3) we obtain

‘iP,(n(,Y) — (2znx(l —x)) "Fexp (——(Zx(l —-x)) 'n (%*‘)) ‘

<P, (%) — Qanx(l —x)) "W () + | Qanx(l —x)) HTW,(x)

— (2mnx(1 — x)) 12 exp <7(2x(1 —x)) 'n (% . X’) :)

4 8 9

< R ; —
3nx(l — Y) 32 A x(1--a )t 2t (] - )
(3.4)

-xlg<n "

for all & satisfying the inequality 'k/n -
However, to estimate the sums of P, (x) we need a more convenient form.
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With simple algebra we can show that

5
y 2

(2anx(1 — x))~'* exp (:_(2)‘(1 —x)"'n (%—x’) )

n V2 (k+1y/n / n
= (-«——) ‘ exp (—— (u —x)z) du
2nx(1l — x) Ykin C 2x(1 —x)

. <lfexp (_mﬁ_—x)(’u_i;-)(wéfzg)))du.

If n>(3/(x(1 —x)))¥32~" then absolute value of the second term on the
right-hand side of the last equation <

< QRanx(1 —x))~*

. | ’ n ( A)( k 2))
k/ng;Erg(lkJrl)/n exp( 2x(1 — x) . n ut n x’

< Qmux(1—x)) " "2.2

max " k )( + K 2 )
kin<u<k+ 1)/n 2)((1 —X) (U n (u n X
1 | k |
< . max u+-——2x l
\/ﬂ n”z(X(l —x))’m kin<u<(k+1)/n n

< ’ :
V27 ne 2 (x(1 — x))?

Hence from (3.4) and the above inequality we see that

a0~ (=) [, ow (et )

4 17 9

if 1> (3/x(1—x)"3* =" and |k/n — x| <n "3 <a < 1)
We now apply (3.5) to estimate the sums

A"(X) = : Pkn(x)'

x<k/nsx+n o

assuming that § < a < 3.
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Let k' and k” be the smallest and largest of the k resp. which satisfy the
inequality x < k/n < x + n~ *. Since the number of &’s between &' and k” is

at most [n' *|. by (3.5) it follows that

‘A " VI e e ( n ( N d
A) T ANA N € (] — ) )
’ W) (27zx(1 ) ) _E»\ R X) ) ul
P 12 qkT - yn Koon n N :
Jln - _ o du
= ‘ (27{.’((] — X) ) (,\ cnon t\ ) P ( 2)&'(1 - X) " (} ) "
. 4 . 17
3nx(l—x) 3/ 2mn® N x(1 - x))
9
+ /A da- i s
V2r T x(— X)) -

g ) + @ + 2y 2 ) N
\/27z V(- x))t? o 3ntx(l—x) 3\ 2p e (] - ot
9
+ N P
\/271 e 2 x( - X

1.2 a .

Moreover, since {(x(1 —x)) “=(x(1 —x)) "ifazb>0andn " <n "<
n o Cen IR g Be 3D f g < 1L we find that
n VI e / n , *
|A,,(x) (,270(([ —x)) '\ exp (_7 2x(1 _;)(u X)“) dui
! 2 4 17y
ST e T T v e
8
St (1 - )
or
. | 8
A | < e (- T (3.6)

1 a1,
A, (x) = —— | e
\ Voo

where M, = n'"? " *(2x(1 — x)) '~
With an easy calculation we can show that

-t

\/7[/2 \/ 1 ;e’[. g . e

0

“de, t 2 0.

Therefore
VR e Cde <l -1 Se T
v
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On the other hand, since 1—(1— )2 p/2 if 0<y<1 and
e "< (14+2) " if 220, it follows that
1 P 1/8

g
\/;J‘,ne WS TS

1-2a "

n

P N]

Hence, from (3.6),

1/8 8

A Ty Ol X 3/ 5

I n(x) 2 l nl—zu + n4n - .,/2(x(1 Ax)),,h
1/8 8

nl~2a(x(1 _x))s,/z + ndn J,r’l(x(l _x))S,"Z ’

However, it is easy to see that, on (3, %), the right-hand side of the last
inequality asymptotically drops most rapidly when « = 5/12. Therefore. by
choosing a = 5/12, we get the best estimate for 4,(x), namely,

|4 ,(x) = 3] <(65/8)(x(1 —x))~¥*/n' (3.7)

if n>(3/x(1—x)¥0 = (3/x(1 —x))"
The evaluation of B,(x) is similar to that of 4,(x). Repeating the same
process we can prove that

|B(x)— 3] <(65/8)(x(1 —x)) “/n'" (3.8)

if n2> (3/x(1—x)%
Then by (3.1), (3.2)., (3.7) and (3.8) with ¢ =15/12 in (3.2) it follows that

|B (0, x)| < 18(x(1 —x)) **/n"®, nz>(3/x(1--xn'.  (3.9)

Evaluation of B, (g.,x). As we know, B (g..x)=2"% , g (k/n) P, (x)
may be written in the form of a Lebesgue—Stieltjes integral in the variable ¢

n

Y g k/n) Pyy(x) —| A0 d K (x. 1) (3.10)

k=0

with the kernel

K, (x.)=N P (x). 0<1<L.

k< tn

=0, t=0,

To estimate |§ g.(1)d, K ,(x, 1), we decompose it into three parts, as follows.
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B

{,&mdﬂﬁnU:LAﬂﬂ+MAﬁﬂ+RAfn (3.11)

i

with

v

L= end K.

B R IRV

M (fx)=| , (1) d K (X, 1).

CX X0

Rn(f’ X)= '.l <g.\'(’) dtkn(x’ t).

X R (- X

First, we evaluate M (/. x). For 1€ |x— .\"/\/zé. X+ (1 fx)/\/}z]. we
have

X4 (1 —x) yn

lg ) =18d0) = &N <V i (80

and so
ST RANCN G I P \,'r;
MLV LA g d K (.
A RS \ n

Since

N

| dK,(x.0)< 1 forall |a.b]< 0. 1]

Ca
therefore

To estimate L, (f,x), let p=x ~x/\/iz and note that g is normalized on
{0, 1). Using partial integration for Lebesgue-Stieltjes integral, we find that

L(fix) = g(y+) K, b — | R 1) d, go(1),

where K, (x. ) is the normalized form of K ,(x, 7). Since
K, (x. y+y=K,{x, 1) O<p<g
and

Le (v R =g ) — g lx) < VY (g,)
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where V1, (g,)=1lim_ (g,), it follows that

L2 < V(g Ko 1) + | Ko, 0) = Vi(g,)).
Y0

By the well-known inequality

x(1 —x)

K,(x. 1)< ;
A(X: 1) A1)

O0<r<x

(see, e.g., |8, p. 6]), and the fact K (x,) < K,(x.t) on (0, 1], we obtain
X(1-x)  x(l-x)
n(x — y)* * n Jm (x—1)?

L=
2

L (i) < Vii(8) d(~Vi(g)

Vo' (s,

Actually, since (1 —x)"/2 < x(1 — x)/nx’ and

] —
L e+ e

— 1)
_x(1-x) ; 1
(x—1)’

d(=Vi(&)

it follows that

‘Ln(ﬁ XN < V‘x# (g\) X(l —X) .\’(1 — X) -y 1

nix — v)° noo Uy (x—1)
Furthermore. since
S : V(g Vs (g ) dr
———d (Vi (g)) = — — = - 2 V —_—
uI“ (.Y*t)h t( [(g\)) (XV}) + + ‘ ( ) (\ . [)}

where V¥(g.) is the normalized form of V¥(g,) and V¥(g.) =V (g,). we
have

8 4o Vi(g,) —— ).
X " -‘() (g) (X— f)‘

iy Yo ) x ooy J
L < S (D) )

Replacing the variable ¢ in the last integral by x — x/\/t we find that

eyt = L o
), A8 ('\_ # r)l - 2'\,2 XXt 8
< ] ; \” V.\‘ . (g )
S22t T

640 3y 1%
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Hence

1 —x CH
L/ X)KT (Vﬁ(gx)Jr N o)

ko1 ’
2 - x n‘ )
D L) B AT
hx k-1
<t N\ Ve our(8): (313
ol —x) — Niy :

To estimate R,(f. x), let z=x+ (1 — x)/\/n and define H,(x. ) on [0. 1]
as follows:

H,(x.1)=1—K,(x t—), 0 < 1.
H,(x,1)=0.

Then

R, (fix)=— .lﬁ gty d H(x.1).

Using partial integration for Lebesgue-Stieltjes integral.

N N
Rn(f; x) = g,r(z") Hn(‘x’ zi) + ;_ H)z(’\“ [) d{ gx(t)’
where H (x. 1) is the normalized form of H,(x.t). Since
H, (x.z—)=H(x, z). 0z <1,
and
g (z=) =g dz—) — g (x) < V5 (g0

so that

RS2 Vi (8 Hono2) + | H, (6 0)d, Vg,

By inequality

x{(l —x
il \),. x<r <1

Hylo )= 2 Pl < oy

k>nt
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and the fact that H,(x, ) < H,(x, ) on {0, 1), we have then

X(1-x) x(l-x) | ,
o I ARES

IR x) <V (g

n

X

But as we did for L, (f, x), since x"/2 < x(1 — x)/n(1 — x)* and

x(1—=x) t- x(1 - )

1 t 1
T G die) e V()
_ox(l—x) 1 ,
- n J: (XA[)Z dt(Vx(gx))'
We actually have
Vi
Ry M (BB [ ae)
Using partial integration again
o1 b Ve Vi (g pi di
'\: (.\’*‘ [)2 dt Vx(gx)‘ (1 __x)l (Z N \7)7 +2 !: \(gx) ([ VW\‘*

where V'(g.) is the normalized form of V'(g,) and with the fact
V'(g.)=V'(g,) the preceding inequality becomes

(1 - x) [ Vi(g,) , i
IR,(f, %) < v—«((l? o +2\ Vi \W)

Replacing the variable ¢t by x + (1 - .\‘)/\ﬂ.

iVI Vt(g ) dr _ l “Jl p v\'},\x';(g ) di
L X X t — x)} 2(] _ x)l iR X RY

] n /‘1 o
< . \ V.Y.w«(lfx),'\/k .
~ 2(1 ——X)“ é—,,_l X (g\)

Therefore

n-- 1

X Vo N ot gk
RS € s (Vi + X7 (2.}

ko1

2 H —
L Ny,
Sax(l—x) — (&)

273

that

(3.14)
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From (3.10), (3.11), (3.12), (3.13) and (3.14), it follows that

. ; 2 "~ 1  x)vk Xl

)Bn(g,r‘ .X); < HX(] - x) k\_| V\' .(x"\/l; * (g\) + V\' x \,f'lizj ! (g\)
. 3 " el Xk ) -
ST A V\‘ x \,—A_ (g\) (313)

x(l—x)n =,

Our theorem now follows from (2.1), (3.9) and (3.15).

P

N
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