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I. INTRODUCTION

If f is a function defined on 10, II. then the Bernstein polynomial 8"U)

of f
n

Bn(j,x) = \' f(k/n)Pkn(x),
k-O

P () (
n) k(1 )n-kkn X = k x - x , ( 1.1)

converges to f(x) uniformly on [0, 11 if f is cntinuous there [I j, As to the
rate of convergence, T. Popoviciu 121 has shown that

(1.2)

where wI is the modulous of continuity off in 10, I I. It is known that (1.2)
cannot be asymptotically improved. However, 5/4 can be replaced 191 by
(8306 + 837 V6)/5832 which is best.

As for discontinuous function, Herzog and HilL and others (131, see also
14 j), proved that iff is bounded on 10, II and x is a point of discontinuity of
the first kind, then

lim 8 n(j, x) = ~U(x+) + f(x-)).
fJ_Cf

( 1.3)

In particular. iff is of bounded variation on 10, I I, then (1.3) holds for every
x in (0, I),

In this note, we shall give an estimate for the rate of convergence of ( 1.3)
for functions of bounded variation in terms of the arithmetic means of the
sequence of total variations and prove that our estimate is essentially the best
possible at points of continuity. Results of this type for Fourier series of 27f
periodic functions of bounded variation and for Fourier-Legendre series of
functions of bounded variation were proved in 151 and 16\.
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This paper is a part of the author's Ph.D. dissertation written at the Ohio
State University under the direction of Professor R. Bojanic.

2. RESULTS

LetJbe a function defined on 10. I I. For any fixed x E (0. I). define g, as
follows if both J(x+) and J(x-) exist:

g,(t) =/(t) - J(x+).

"-cc 0.

= J(t) - /(x ).

x < t ~ I.

t= x.

o~ 1< x.

g, is continuous at the point t = x. With this definition of g\ and a simple
algebra (I. I) can be expressed as

B,,(J, x) - i(J(x+) + J(x-))

=Bn(g"x)+H/(x+)-J(x-)) ( \' Pkn(x)- ~.Pkn(X)).
J.. !IX r 11.\

Furthermore. if we let o("(t) = sign(t - c) then

B,,(o\. x) = \. o,(k/n) Pkn(x)
k 0

= \. Pk,,(x) - \. Pk,,(x)- -
f..: nx k-c.· fiX

and so

Bn(J, x) - HJ(x+) +J(x-)) = B"(g,, x) + HJ(x+) -- J(x--)) 8,,(0\. x).

(2.1 )

It shows that to estimate IB,,(/, x) - i(J(x+) + J(x-))I we only have to
evaluate Bn(g,. x) and 8 n(0,. x).

OUf main result may be stated as follows:

THEOREM. Let / be oj bounded variation on 10. II and V;;(g,) be Ihe
total variation oj g, on [a. b I. Then Jar every x E (0. I) and
n~(3/x(l-x))8 we have

18n(J,x)-HJ(x+)+/(x-))I~3(x(l-x)) I <, (gJ
n kl

18(x(1 --- x)) '2

+ nl!O IJ(x+) J(x---JI· (2.2 )
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The right-hand side of (2.2) converges to zero as 11 -> 00 since continuity
of gx at x implies that

If j is of bounded variation on 10. 11 and continuous at x then the
inequality (2.2) becomes

3(x( 1 - x)) I '"
I BnCr, x) - j(x)1 <~~~~

11 k I

(f). (2.3 )

Let us now consider the function j(t) = It - xl (0 < x < I) on 10. II. We
have. for any small 6,

" .'1'( 1 - x)
<u+ 6

11

and

Since

(2.4 )

( 1)3+ ,
I1X( 1 - x)
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it follows that
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\' I,k- I' ,x(I--x) 7x~(I-x)'
- x Pk"(X)~--!.:-----,!.:-,-,

k ° 11 11() 2 11"()"
(2.5 )

if 11 > 2/(x(l-x)). Choose 6=2(x(1-x)/11)1'. we obtain from (2.4) that

and from (2.5) that

\' ! k, I (x(I X))I'

1'--xIPk,.(X)~-2 Ii'
k I) 11 11 ,~

I (x( 1- x)) I ~

~- I'16 11 ,"

Therefore. if 11 > 2/(x(l - x)) then we have

7 x~(1 -- x)~

~ 1 '·1"8 w(x( I - X)/I1) ~

1 (X(l-,X)(~ ", jk ,5 (x(l-x))l~
- I' ~ \ ----x Pk,,(x)~-2- I'
16 11~ k-o,11 11~

On the other hand. from (2.3). since V; i ;;(f) = u .. fJ. it follows that

I ' '\' I k _I 3(x( I-x)) I \" ',' i '"I,B,,(/. x)-/(x): = _ - - x Pk,,(x) ~ v, ,
k ° 11 11 A-I

/ 3(x( 1- x)) I

~

(2.6 )

(f)

(2.7)

Hence by comparing (2.6) and (2.7) we see that (2.3) cannot be
asymptotically improved for functions of bounded variation at points of
continuity as we have mentioned before.

A more precise version of (2.6).

was proved in 171.
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3. PROOF OF THE THEOREM: EVALUATION OF B/1(o" X)

263

The convergence of the sequence 8/1(0" x) to zero as n --> 00 follows
immediately from the well-known central limit theorem of probability.
However, what we are interested in here is finding an estimate for the rate of
convergence of this result. To do so, we first decompose 8/1(0" x) into three
parts as follows:

B/1(o" x) = A/1(x) - B/1(x) + C/1(x)

with

A/1(x) = \' Pk/1(X),

" I<./n<x+" "

B/1(x) = \' Pk/1(x),
x-n rlSo k/'n< ,

C/1(x) = (~ \' + \' JPk/1(x),
. 0 1<,/" .\"-n " x -t- n " k,in

where 0 < a < 1.
The evaluation of C/1(x) is relatively easy. Observe that

/1 (k )2\' . 2n \' •IC/1(x)1 ~ ~ Pk/1(x) ~ n . _ - - X Pk/1('\)'
Ik/n-xl f1 (l k () ,n ,

Since L.:Z o(k/n-xf Pk/1(x)=x(l-x)/11 it follows that

I I
x(l - x) ~

C/1(x) ~ l' ~-1-,-.
l1·n 11 on

(3.1 )

To evaluate A/1(x) and B/1(x), we need a convenient asymptotic form for
pk/1(X)'S satisfying the inequality I k/11 -- x I ~ 11 (l. Using Stirling's formula.

II! = (271:11) 1,2 n/1 e /1 H
II

,

0< e/1 < I,

we obtain

I A more precise version can be found in 18. p, 151, But the role played by C,,(x} in our
proof is not essential. (3.2) is good enough for our needs.
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where
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n'l
W (x) k xk(l-x)" k

kn-. = e(n-kt

It is easy to see that if n > (2/(x(l-x)(" Clnd iik/n--x ~n " then

and

Iffl."
2

ll~------
3nx(1 -x)

On the other hand, since (n/2nk(n k))I'.Wk"(x)=Pk,,(x)/HI.,, IS

uniformly bounded by 2, it follows that

IPl.n(x) - (2nnX(\ _ x) ) 1/, WI.,,(x) I

~ I (2nk(;-k))I, Wk,,(X)(HI.,,-I)1

I( n _)1'( I _)1'
+ Wl.n(x)

I )nk(n - k) 2nnx(1 - x)

4 4
~ + WI. (x) -- r1.=- (3.3)

3nx(l - x) "3 V 2n n" I In(x(l - x))"

if 11 > (2/(x(l-x)))1/(l and Ik/n -xi ~ 11 fl.

The following lemma, which gives us a precise estimation of WI.,,(x), is the
key to the evaluation of B n(a" x).

LEMMA (LAPLACE'S FORMULA OF PROBABILITY). If { < a < I and n >
(3/(x(l-x)))2/()n-l) then

IWkn(x) - exp f-(2x( I - x)) 111 (~ - x)' JI ~ -n~)n---:-l(-X-~-l---x-))-cc,

holds uniformly for all k satifying the inequality Ik/n--xl ~ n " In
particular, Wkn(x) is then bounded by 2.
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Proof of the Lemma. By Taylor's formula for Iu I < I.

log(1 + u) ='u - ~U2 + *UJ(l + tU) J

=u-~u2[I-iu(l+tu) JI

=U-~U2p.

265

0< t < l,p= l-iu(l +tu) J= 1 +w, where c=-i(l +tu) J.lflul";;~

then Icl";; 16/3 and Ipl,,;; 11/3, Similarly we can express log(l - u) as

log(I--u)=-u-~u2PI

with PI=I+c l u for some f l such that !f l l";;16/3 and Ip l l";;II/3 if

lui";; ~.
Since

-log Wkn(x) = k log(l +x-I(k/n-x)) + (n-k) log(l-(l-x) I(k/n-x))

and Ix l(k/n-x)I";;~, 1(I-x)-I(k/n-x)I";;~ if

n~ C(l ~ x)) 2/iJn·· II

Therefore

-log Wkn(x)

= k(x-I(k/n - x) - ~x 2(k/n - x/p)

- (n - k)((1 - x) - I (k/n - x) + HI - x) - 2(k/n - X)2 PI)
= (nx + n(k/n-x))(x I(k/n-x) - ~x-2(k/n-x)2p)

-(n(l-x)-n(k/n-x))((l-x) l(k/n-x)+~(l-x)·2(k/n-x)2PI

= n(k/n - x )2(X - 1(1 - ~p - ~x- 1p(k/n - x))

+ (1 - xr I (l - ~p I + ~ (1 - x) - I (k/n - x)PI))

= (2x (1 - x)) - I n(k/ n - x) 2 + n(k/ n - xf (x I (~ - ~p - ~x - IP(k/n - x) )

+ (1 - x) 10 - ~p I + HI - x) I PI (k/ n - x) ))

= (2x(l-x))l n(k/n-x)2 + ~n(k/n-x)J(-x-2(c +p)

+ (1 - x) 2 (-c I + PI))

and so
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But if *< a < I and n ~ (3/x(1 - x)f
i

(3" Ii then we have

I (0 9 ) I / 9exp _ 1 ~ I . ~ 0 , •

I 2n 3a l(x(l-x))-o I nJ"-I(x(l-x))~

Hence

!Wkn(x)-exp (-(2X(I-X)) In(~ _x)2)1

<exp (-(2X(l-X)) In (~ -x) 2) I exp log Wkn(x)

+ (2x( I - x)) In (~ _ x) 2 ) - I

9< 1 I ,.w"- (x(l-x))-

The boundedness of Wkn(x) follows from the fact that

9
1 I ,< I

n" (x(I--x))-

if n ~ (3/x(l - X))2!IJ" I). This completes the proof of the lemma.

Consequently, if *< a < I and n ~ (3/x(l - X))2 iI
J" I). by Laplace's

formula and (3.3) we obtain

k ' I

Pkn(x)--(2nnx(l-x)) 1/2 exp (--(2X(I-X)) In(n- x ) ) I

<I Pkl1 (x) - (2nnx(l - x)) 1/2 Wkl1 (x). + I (2nnx( I -- x)) I' WkI,(x)

_ (2nnx( I - x)) 112 exp (-(2X( I ._ x)) In ( ~_ x) 2 )

4 8< +--==-------
3nx(l-x) 3.jhn",I'(x(lx))J2

9
+--,-----------------

/2~ /I'" I '(x( I x))"

(3.4 )

for all k satisfying the inequality k/n x I < /I ".

However. to estimate the sums of Pkl1 (x) we need a more convenient form.
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With simple algebra we can show that

. k . 2

(2nnx(l-x))~1/2exp (-(2X(I-xWl n (-;-x) )

(
n )1/2.(k+I)/n . 11

= I. exp - (U-X)2 du
2nx(1 - x) 'k/n (2X(l - x) )

(

11 )1/2 ..(k+I)/n (. 11 (k .)2)+ exp - --:'(
2nx(l - x) . til . 2x( 1 - x) 11 •

267

. (1 - exp (- 2x( 1
11

_ x) (u - ~ ) ( u + ~ - 2X) ) ) duo

If 11> (3/(x(l-x)))2/(3"~I) then absolute value of the second term on the
right~hand side of the last equation <

<(2nnx(l-x))~1/2

I
( 11 (. k)( k ))1. max 1 - exp - u - - u +--- 2x

k/n<!;u<!;(kt I)/n 2x(l - x) 11. 11 .

<(2nl1x(l - x)) - 1/2 • 2

I
11 ( k)( k )1. max - u - - u +- - 2x

k/l1<!;u<!;(k'I)/11 2x(1 - x) 11. 11 .

1 I k I< .' max I u + -- - 2x I.jh 11 1/ 2(x(1 _ X))3/2 kin u<!;(k+ 1)/11 11

Hence from (3.4) and the above inequality we see that

I
PkAx) - (2 (~_ )) 1/2 (k+ 1)/11 exp (- 2 (11_ ) (u - X)2) du I

nx x 'k/n X 1 x

4 17 9< + . . +-------
311x(1 - x) 3.jh 11" t 1/2(x(1 _~ X))3/2 .jh 11 3" 1/2(x(1 _~ X))';2

(3.5 )
if 11 > (31x(l - x))2/(3n-I) and Ikill - xl <n-nG < a < 1).

We now apply (3.5) to estimate the sums

x<k/ns.x+ll rl

assuming that ~ < a < 1.
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Let k' and k" be the smallest and largest of the k resp. which satisfy the
inequality x < kin ~x + n ". Since the number of k's between k' and k" is
at most In I "I. by (3.5) it follows that

I
'A(X") ( n ')I'I,·XIII"exp (' 11 (II X):)dul'
, ,,' ~ 2l[x( I - x) . ,x - 2x( I _. x) -.

~!( 11 ,)1"((' I)II-(")exp(--~I-I-_--(II .x}')du
I 2l[x( I - x). X" "'x . 2x( 1 x)

4 17+ +-------_.._-
3n"x(1 - x) 3 /2; n'" I '(xl 1- X))·l'

9
+

/2l[ 11 4"'/2(x(l - x))' '

2 4 17
,( -----c-----c---- +----.-- -+ --c=----------.----

'" /2l[ I1 I /\X"(l-X))I, 3n"x(l-x) ' 3/2l[ n'" I 2(x(1 x))"

<)

+!'V 2iT fl~n .1.'2(X( 1 --- x)).' }

Moreover, since (x(l-x)) "~(x(1 x)) hifa~b>Oandl1 1<11

11 I'n I/!) < 11 14n J2) if ~ < u. < I. we find that

I

n' 12 ·x·" " , n
A,,(x)- I exp -- . (u

(2l[X( 1 - x) ) . x (2x( I ~ x)

or

I \In • i 8
A,/(x) - -/-, e I"~ (11' I ~ ~-~-----:- --------

V l[ '11 '11
4

" .1!(x(1 x))'"

where M" = n I121 -n(2x(1 - x») l,2

With an easy calculation we can show that

.r

/;/2 I - e- ~ I e r'dl', {? O.
. {)

Therefore

1/ /~ r e "dL" ~ HI .- '/ I . e '\
'I

(3.fl )
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On the other hand, since 1 - (I - y)I/2 ~ yl2 if °~ y < I and
e-= ~ (1 +Z)-l if z >0, it follows that

I .L -I' 1 1 1/8
r:. I. e dV~-4 I M 2 <~.

V 7[ "If" + n n

Hence, from (3.6),

However, it is easy to see that, on (L D, the right-hand side of the last
inequality asymptotically drops most rapidly when a = 5/12. Therefore, by
choosing a = 5112, we get the best estimate for A n(x), namely,

(3.7)

if n >(3Ix(1 - X))2/()(l I) = (3Ix(1 - X))H.

The evaluation of B 11 (x ) is similar to that of A n(x), Repeating the same
process we can prove that

IBn(x) - ~ I ~ (65/8)(x(1 -- x)) ;21n 1.6 (3.8 )

if n >(3Ix(1 - X))H.
Then by (3.1), (3.2), (3.7) and (3.8) with a = 5/12 in (3.2) it follows that

(3.9)

Evaluation of Bn(gx' x). As we know, BIl(gx' x) =:LZ () gJk/n) Pkll(x)
may be written in the form of a Lebesgue-Stieltjes integral in the variable t

with the kernel

11 .1

'\' gx(kln)Pkn(x) = I gJt)d,KIl(x.t)
k - () • ()

(3.10)

=0.

O<t~l.

t = 0,

To estimate J~ gJt)d,KIl(x, t), we decompose it into three parts, as follows.
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with
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,,{

I g,(t) d,Kn(x, t) = L,JJ, X) + Mn(J, X) + RI/U X) (3.11)
. {)

.\

LAJ, x) = I
. {)

..r. II rL-v' J1

M I1 (J, x) = I gAt) d,Kn(x, t).
·x

.J

R I1 (J, x) = I .g,(t) d,K,,(x, t).
'x f (I XI,eVn

First, we evaluate MIlU; x). For IE /x- ),/\/,1, X + (I - x)/Vn/. we
have

I ( )1 I () ( )1 s. V,!(I-X)/V"(
gx t = gx t - gx x '" x x/;;; gx)'

and so

\'. (]

Vn(g\) . j
"X \

Since

therefore

./J

I dtKn(x, t) ~ I
"0

for all la. b Ie; 10. II,

(3.12)

To estimate Ln(J, x), let y = x - x/V;z and note that gx is normalized on
(0, I). Using partial integration for Lebesgue-Stieltjes integral. we find that

Ln(J, x) = gAy+) Kn(x, Y+) -I) Kn(x, t) d, gx(t),
. {)

where Kn(x, t) is the normalized form of KIl(x. I). Since

and

f(n(x. y+) = Kn(x• .1'). 0< y,c;; L
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IL"U; x)1 < v:~+ (gJ K,,(x, y) + r
Y

K,,(x, t) dt(-Vi'(g,J)·
·0

By the well-known inequality

x(I - x)
K "(x, I) < ( , .n x - I)"

(see, e.g., 18, p. 6 j), and the fact K,,(x, I) <K "(x, I) on (0, II, we obtain

Actually, since (I-x)"/2<x(I-x)lnx 2 and

x( I - x) I'Y I x x( I - x) /0 t
( )2 dt(-Vt(g,)) + 2 ~o (gJ

n '0. x-I nx

it follows that

. \: x(I -x) x(I -x) 1'\' I /\
IL"U x)1 < V,Ii (gJ .f +, , dk, ~ t(g,))·

l1(x - ,~ 11, II (x -1)-

Furthermore. since

271

I X) V~, (gx) V~(gx) 1'.1' -x dl
( _ 1)2 dt(-Vt (g, ) = -- ( _ ,)2 + 2 + 2 Vt (gJ ~('_ I)) .x x J X 'II ,x

where Vi'(g,J is the normalized form of Vi'(g,) and Vt'(gx) = Vi'(gJ. we
have

n dl)
Vt (g,) (x _ t)T .

Replacing the variable t in the last integral by x - xl ,/1. we find that

" "'\i" dl 1'"I V;(gx)-(-,--t),1'=~221 V~'\it(g\)dl
'11 X ,.- X ,t
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Hence
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2(I~x)\" ,< V, (g,)
nx k~1 .

(gJ. (3.13 )

To estimate RAJ, x), let z = x + (I ~ x)/Jn and define H,Jx, 1) on [0, I[
as follows:

HII(x, 1) = I ~ KII(x, 1~),

HII(x, I) = O.

Then

.1

RII(J,x)=-[ g,(t)d,HIl(:U).

Using partial integration for Lebesgue-Stieltjes integral,

.1

RJI(J, x) = g,(z-) HJI(x, z~) + I HIl(x, 1) d, g,(t).

where H I/(x, 1) is the normalized form of H II(X, I). Since

HIl(x, z~) = H I/(x, z),

and

so that

.1

/R,JJ, x)1 < V~ (g,) HI/(x, z) +J. HI/(x, 1) d, V~(gJ

By inequality
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and the fact that Hn(x, t) ~ H n(x, t) on 10, 1), we have then

273

"_ x(i-x) x(1 ~x) .1

IR,/f,x)\~V~ (gx)n(x-Ir+ n t
x/l

+2 V:-(gx)'

But as we did for Ln(f,x), since xn/2~x(l-x)/n(l-x)2 and

x( 1 - x) ".1 - I t x( I - x) I

n J: (x_t)2 d I VAgx)+n(l_x)2V 1-(gJ

x(i - X)·I I
= I ( )2 dl(V~(gx))'n ": x~t

We actually have

Using partial integration again

where Vl/gx) is the normalized form of Vt,(gJ and with the fact that
VI,(gJ = V1,(g,), the preceding inequality becomes

I x(1 - x) (" V:(gJ \".1 t dl)
RnU x)1 ~ n (T _ X)2 + 2.: V,(g,) (t ~ X)1 " .

Replacing the variable I by x + (I - x)/Vi,
.1 dl 1·/1
I" Vi ( ) I vx • (I () dl

x gx (I-X)1 = 2(I-x)"1 x gx

I /1- I

~ , \' V~ + ( I - (g,).
2( I -- x)- k""""1

Therefore

/I I

1 R /I (f, x)1 ~ (I'~ ) (v:( g,) + '" V~' \1
n x , I

2 /I " ~

~ '" V~+ (I-xlv' (g).
nx(1 -x) ,-I " .,

(g,) )

(3.14)
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From (3.10). (3.11), (3.12), (3.13) and (3.14), it follows that

V"(g\l

" 3 \' V'. ([ ..':.1 V A(

~ x(1 -X)11 kl \ xVA g,).

Our theorem now follows from (2.1), (3.9) and (3.15).
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